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Abstract

In this paper three-dimensional geometrical models for concrete are generated taking the random structure of aggregates at the mesoscopic
level into consideration. The generation process is based upon Monte Carlo’s simulation method wherein the aggregate particles are generated
from a certain aggregate size distribution and then placed into the concrete specimen in such a way that there is no intersection between the
particles. For high volume fractions of aggregates, new algorithms for generating realistic concrete models are proposed.

The generated geometrical models are then meshed using the aligned approach in which the finite element boundaries are coincident with
materials interfaces and therefore there are no material discontinuities within the elements.

The finite element method (FEM) is used in the direct computation of the effective properties of concrete. The results obtained from the
numerical simulations and the subsequent homogenisation are then compared with experimental data. Furthermore numerical simulations of
the damage and fracture process of concrete are performed using an isotropic damage model to model the progressive degradation of concrete.
Finally, a concrete block is investigated where numerical and experimental results are discussed.

© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Concrete is the most widely used construction material in
the world due to its good strength and durability relative to
its cost. It has a great variety of applications in the field of
civil engineering. In building construction, concrete is used for
footings, foundations, columns, beams, girders, wall slabs, and
all important building elements.

Concrete has a highly heterogeneous microstructure and its
composite behaviour is exceedingly complex. Therefore, reli-
able predictions of the behaviour of the material based exclu-
sively on experimental studies have become limited. For ob-
taining a deeper understanding, theoretical studies based on
micromechanics analysis of the interaction between various
components of concrete have been developed for deducing the
macroscopic constitutive behaviour of concrete. However, the
microstructure and properties of the individual components
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of concrete and their effects on the macroscopic material be-
haviour have not been taken into account. For such details to
be included into the computational analysis, concrete needs to
be analysed as a multi-scale composite material where the mi-
crostructure is realistically simulated. Numerical simulations,
coupled with theory and experiment, are considered to be an
extremely important tool for successfully examining material
properties by means of computational materials science.

In the numerical simulation of concrete at a mesoscopic level
it is evident that several parameters such as the shape, size and
distribution of coarse aggregates within the mortar matrix sig-
nificantly influence the mechanical behaviour of concrete. The
aim of this work is to generate random mesostructure models
of the concrete material at the mesoscopic level based upon
given parameters and probability distribution of aggregate par-
ticles coordinates and sizes. Then, the generated mesostructure
models are to be meshed using an automatic meshing prepro-
cessor for computational testing of the material with the finite
element method (FEM) in order to analyse the effects of the
mesostructure constituents on the macroscopic response of the
concrete material.
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Several mesoscopic models of concrete structure have been
developed for studying the influence of material composition
on the overall behaviour. Bazant et al. [1] developed a truss
model to simulate realistically the spread of cracking and its
localisation. Schorn and Rode [2] studied damage processes of
concrete using a framework model. A lattice model presented
by Schlangen and van Mier [3] seemed to be a promising tool
for the simulation of typical failure mechanism and crack face
bridging in concrete. Another approach for simulating the struc-
ture of concrete by a finite element mesh has been developed
by Wittmann and his co-workers [4—6]. In this approach, me-
chanical and nonmechanical properties can be more realisti-
cally simulated for concrete with different compositions. Wang
et al. [7] proposed a procedure for generating random aggregate
structures based on the Monte Carlo random sampling principle
and then developed a method of mesh generation for studying
the nonlinear behaviour of concrete.

In the generation of random concrete structures the shape
of aggregate particles has to be taken into account in order to
study the effect of aggregate shapes upon the mechanical be-
haviour of concrete. Aggregate shapes have a significant influ-
ence on the stress distribution within the concrete material and,
therefore, on the cracks initiation and damage accumulation up
to the macroscopic failure. Two-dimensional models were gen-
erated by Zaitsev and Wittmann [8] to study crack patterns in
concrete using polygonal and circular shapes for aggregates.
Wang et al. [7] and Wittman et al. [5] have generated rounded
aggregate particles following the morphological law developed
by Beddow and Meloy [9]. For angular shapes of aggregate
particles, Wang et al. [7] adjusted shapes of randomly gener-
ated polygons to have prescribed elongation ratios. However,
for three-dimensional models, Bazant et al. [1], Guidoum and
Navi [10], Schlangen and van Mier [3] and Schorn and Rode
[2] just assumed that aggregate particles have spherical shapes.
More recently, Héfner et al. [11], Leite et al. [12] and Zohdi
[13] have used ellipsoid functions with varying parameters for
obtaining various aggregate shapes. Garboczi [14] described a
mathematical procedure using spherical harmonic functions to
completely characterise concrete aggregate particles based on
three-dimensional images acquired via X-ray tomography.

Aggregate size distribution plays an essential role in concrete
mix design and optimisation. A proper selection of aggregate
size distribution affects the main properties of concrete such as
workability of concrete mix, mechanical strength, permeability
and durability. The size distribution of aggregate particles can
be either described by means of grading curves or obtained
from sieve analysis. Fuller curve is one of the most acceptable
grading curves which provide optimal aggregate packing and
the best properties of concrete. Consequently, most researchers
including Schlangen [15], Schlangen and van Mier [3], van
Mier et al. [16] and Wittmann et al. [6] applied the Fuller curve
to geometrical modelling of concrete.

In regard to the simulation of aggregate spatial distribution,
different techniques have been developed to generate a meso-
scopic structure that resembles the real concrete. Bazant et al.
[1], Schlangen and van Mier [3], Wittmann et al. [5] and Wang
et al. [7] adopted the take-and-place method for generating ran-

dom particle models of low particle volume fractions. De Schut-
ter and Taerwe [17] used another approach for the generation of
random concrete structures based on the divide-and-fill method.
A stochastic-heuristic algorithm was developed by Leite et al.
[12] for generating a more realistic three-dimensional structure
of concrete. For achieving very high aggregate volume frac-
tion, van Mier and van Vliet [18] used an alternative algorithm
called the random particle drop method for arrangement of ag-
gregate particles. A different approach called the distinct ele-
ment method was developed and extensively applied by Cun-
dall and Strack [19] for simulating the behaviour of granular
solids such as sand.

Numerical analysis of heterogeneous materials using the
FEM requires the discretisation of the created mesoscopic
models. Different meshing techniques have been applied for
the discretisation of complex microstructures. Aligned mesh-
ing approaches have the advantage of explicitly representing
the boundaries between particles and matrix. However, the
mesh generation of random heterogeneous materials is rather a
tedious process in three dimensions. The aligned approach has
been used by several authors, e.g. [17,20-22,7,6] for generat-
ing finite element meshes in two-dimensional cases. In recent
years, it has been recognised that the interfacial transition zone
(ITZ) between aggregates and mortar has a great influence
on the initiation of microcracks in concrete. Wang et al. [7]
developed a mesh generation method based on the advancing
front approach in which the ITZ domains are modelled using
Goodman type elements. However, Eckardt et al. [20] disre-
garded the ITZ and assumed that the bond between aggregates
and mortar is rigid.

Schlangen and van Mier [3] and Schorn and Rode [2] used a
projection method of a regular mesh onto the random aggregate
structure. In the models of van Mier and van Vliet [18], van
Mier et al. [16], Schlangen [15] and Schlangen and van Mier
[3] the aggregates, matrix and ITZ properties are assigned to a
lattice of beam elements. A similar technique has been applied
by Leite et al. [12] in which the models are idealised as pla-
nar trusses and frames for two-dimensional analyses while for
three-dimensional analyses the models are idealised as space
structures. An alternative approach has been introduced by
Zohdi and Wriggers [23] who used cubic meshes for testing
mechanical responses of random heterogeneous materials. In
this an unaligned approach the number of integration points is
increased in order to better capture the geometry in elements
with material discontinuities. Also, a quite good approximation
of the geometry of heterogeneous materials has been recently
obtained by Lohnert [24] using the hanging node concept in
which the mesh is refined close to the geometrical boundaries
of the inclusions and the cohesive zone.

2. Concrete mesostructure

In computational material science, concrete is characterised
as a multi-phase material with several different representative
scales. At macroscopic scale, concrete could be regarded as a
homogeneous material while at mesoscopic scale it is treated
as consisting of coarse aggregates and mortar matrix. Further
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subdivisions of the mortar matrix produce fine aggregates and
hardened cement paste with pores embedded inside. More de-
tails on length scales of concrete can be found in the literature
(see for instance [25,21]). Mesoscopic models have proven to
be the most practicable and useful approach for studying the
influence of the concrete composition on the macroscopic prop-
erties [7] and also to gain insight into the origin and nature of
the nonlinear behaviour of concrete. In the following, the most
recent computer-based models for describing mesostructure of
concrete are presented.

A “numerical concrete” model was first developed by
Wittmann et al. [5] in order to represent concrete mesostruc-
ture numerically within a computer. A concrete mesostructure
consisting of aggregates and cement paste matrix was first
generated and then mapped onto a finite element grid. Each
aggregate particle could be mapped onto one or more finite
elements, so that the “numerical model” represented the con-
crete at the subparticle level.

Concrete mesostructure models could be generally classified
as a continuum-based model at particle level and a digital-
based model at subparticle level. Continuum-based models can
provide valuable quantitative information, such as the effects
of particle size on hydration kinetics, but it is very difficult
to analyse such a mesostructure to directly compute system
transport and elastic properties (see [26,27] for review).

Digital-based models [28] represent each cement particle as
a collection of elements (pixels) and, therefore, mapping the
mesostructure onto a finite difference or finite element grid
becomes trivial due to the simple one-to-one mapping between
pixels and finite elements. However, the major limitation of
such models is mainly the resolution problem, because each
pixel is typically 1 pm? in volume and features smaller than
that cannot be resolved. Further investigation can be found
in [29].

2.1. Mesostructure generation

The evaluation of the composite behaviour of concrete at
mesoscopic level requires the generation of a random aggre-
gate structure (Fig. 1) in which the shape, size and distribution
of the coarse aggregate closely resemble real concrete in the
statistical sense. This structure to be generated consists of ran-
domly distributed aggregate particles and mortar matrix filling
the space between the particles. The layout of the matrix mate-
rial is dependent entirely on the spatial distribution of the ag-
gregate particles. Therefore, one does not need to consider it
separately.

The generation of the random geometrical configurations of
the aggregate particles must satisfy the basic statistical char-
acteristics of the real material. Also, the spatial distribution of
the aggregate particles must be as macroscopically homoge-
neous in space and macroscopically isotropic as possible [1].
In order to produce the geometrical configuration which meets
these requirements, the random sampling principle of Monte
Carlo’s simulation method is used. This random principle is
applied by taking samples of aggregate particles from a source

Fig. 1. Concrete mesostructure.

whose size distribution follows a certain given grading curve
and placing the aggregate particles one by one into the concrete
in such a way that there is no overlapping with particles already
placed. This method has been used by most researchers includ-
ing Bazant et al. [1], Schlangen and van Mier [3], Wang et al.
[7] and Wittmann et al. [5] with varying degrees of sophistica-
tion and is commonly called the take-and-place method while
De Schutter and Taerwe [17] used the divide-and-fill method. A
different approach, the distinct element method, has been used
by Cundall and Strack [19] to simulate actually the production
of the material.

Here, taking into account the power of computer facilities
available today, a new algorithm for generating a realistic ag-
gregate structure is proposed. In this algorithm whenever the
placing process of a particle reveals an overlapping, the particle
being placed is translated the least distance allowed between
the particles in order to get away from the overlapping par-
ticle. With keeping this distance constant, the particle is then
randomly rotated in order to search for a free position around
the overlapping particle until all the placing requirements are
completely satisfied. The algorithm shows that fast and good
results can be obtained in generating aggregate contents com-
parable to the ones in real concrete and equivalent spatial
distributions.

2.2. Generation of aggregate particles

Aggregates generally occupy 60-80% of the volume of con-
crete and greatly influence its properties, mix proportions and
economy. Sand, gravel and crushed stone are the primary aggre-
gates used. Aggregates are divided into two distinct categories,
fine and coarse aggregates. Fine aggregates generally consist
of natural sand or crushed stone with most particles passing
through a 4.75-mm sieve. Coarse aggregates are any particles
greater than 4.75 mm in diameter. For most concrete, the coarse
aggregate represents around 40-50% of the concrete volume.
Gravels constitute the majority of coarse aggregate used in con-
crete with crushed stone making up most of the remainder.
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Fig. 2. Fuller and limiting grading curves.

The shape of aggregate particles depends on the aggregate
type. In general, gravel aggregates have a rounded shape while
crushed stone aggregates have an angular shape [7]. Several
attempts to characterise the geometry of aggregates have been
published. Wang et al. [7] and Wittmann et al. [5] have used
the morphological law developed by Beddow and Meloy [9]
for generating gravel aggregates. Spherical shape for aggregate
particles was assumed by others [1-3]. Further details on gen-
erating the geometry of aggregates can be found in the liter-
ature, e.g. Héfner et al. [11], Roelfstra [30], Wang et al. [7],
Wittmann et al. [5] and Zohdi [13].

Here, for the sake of simplicity, it is assumed that aggregate
particles have spherical shapes.

2.2.1. Aggregate size distribution

Grading refers to the determination of the particle size distri-
bution for aggregate, usually expressed in terms of cumulative
percentage passing through a series of sizes of sieve openings.
This can be reflected by formulas, tables or graphics. One of
the most known and acceptable aggregate distribution is given
by Fuller, which also lies within the proposed limiting grading
curves A32 and B32 of DIN 1045 (Fig. 2). In practice, con-
crete is most designed after Fuller curve which represents a
grading of aggregate particles resulting in optimum density and
strength of the concrete mixture. Fuller curve can be described
by a simple equation

P(d)= 100( d )n M)
B dmax ’

where P(d) is the cumulative percentage passing a sieve with
aperture diameter d, dpax is the maximum size of aggregate
particles and 7 is the exponent of the equation (n = 0.45-0.70).
In a concrete mix, the amount of coarse aggregate is nor-
mally given in terms of weight per unit volume of concrete.
Therefore, one can obtain the volumetric ratio of coarse ag-
gregate content by dividing the weight of coarse aggregate per
volume of concrete by the density of the aggregate [7].

This can be defined as
w

71” )

Up =
p PpV

where v, is the volume fraction of aggregate, w), is the total
weight of aggregate particles, p,, is the specific weight and V
is the total volume of the specimen.

If the size distribution of the aggregate particles is given by
one of the common grading curves, then the amount of aggre-
gate within the grading segment [d;, d,+1] can be calculated as

P(ds) - P(dx+l)
P(dmax) - P(dmin)
where V;[d;, ds11] is the volume of aggregate within the grad-
ing segment [dy, dy+1], d is the aperture size of the sieve, dmin

and dpax are the minimum and maximum sizes of coarse ag-
gregate particles, respectively.

Vp[d.\‘a ds-H] = X Up X v, 3)

2.2.2. Taking process

After dividing the grading curve into segments, the taking
process starts with the grading segment containing the largest
size particles. Then the aggregate particles within the grading
segment are generated in the following procedure:

Step 1. Calculate the volume of aggregate to be generated in
the grading segment.

Step 2. Generate a random number defining the size of an ag-
gregate particle. Assuming that the size d has a uniform
distribution between ds and d 1, it may be calculated
using the following expression:

d= dSJr] + Vl(ds - ds«H)a “)

where 7 is a random number uniformly distributed be-
tween 0 and 1.

Step 3. Calculate the volume of the generated aggregate parti-
cle and subtract it from the volume of aggregate within
the grading segment.

Step 4. Repeat steps 2 and 3 until the volume of aggregate
left to be generated is less than %n(d5+1/2)3, i.e. not
enough for generating another particle. The remaining
volume of aggregate to be generated is then transferred
to the next grading segment.

Step 5. Repeat all the above steps for the next smaller size grad-
ing segment and then again for successively smaller
size grading segment, until the last particle of the small-
est size has been generated.

Fig. 3 shows the programming algorithm for generating the
aggregate particles depending on a given particle size distribu-
tion.

2.2.3. Placing process

The concrete volume whose random configuration is to be
generated may have a cubical, cylindrical or even arbitrary
shape depending on the type of concrete specimen to be stud-
ied. In this research, the generation of the random aggregate
configuration will be restricted to specimens of a cubical form.
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Fig. 3. Programme flowchart of taking process.

A cartesian coordinate system x; is used in the concrete spec-
imen. When a particle is placed into the concrete volume, its
position is defined by x of a reference point O which is taken
to be the centre of the particle. Assuming a uniform probabil-
ity distribution for the location of O throughout the concrete
volume, the coordinates of O may be obtained as

X = Xmin + "(Xmax — Xmin), ©)

where X is the position vector of O, Xpmin and Xmax are the min-
imum and maximum coordinates of the concrete volume, and
n are three independent random numbers uniformly distributed
between 0 and 1.

In order to place an aggregate particle at a free position
within the concrete volume, two obvious conditions need
to be satisfied. Firstly, the whole particle must be com-
pletely within the boundary of the concrete volume. Secondly,
there must not be any overlapping with previously placed
particles.

In addition to these two conditions, there is a third condition
that each particle must be coated all around with a mortar film
having a certain minimum thickness. This implies that there
is a minimum distance between the edge of a particle and the
boundary of the concrete specimen and a minimum gap width
between two adjacent particles. A value of 0.1(d, + dp)/2,
where d,; and dj, are the sizes of the two particles, was pro-
posed by Schlangen and van Mier [3] to be used for the mini-
mum gap width between adjacent particles. However, Wittmann
et al. [5] found that the thickness of the average mortar film
between aggregate particles varies with the aggregate content,
being smaller when the aggregate content is higher. Also, Wang
et al. [7] have investigated the thickness of the mortar film

Fig. 4. Placing process.

coating an aggregate particle through visual inspection of cross
sections of hardened concrete. It revealed that the thickness
of the mortar film is more or less proportional to the parti-
cle size. Hence, it is proposed that the minimum thickness of
the mortar film between a particle of size d and the concrete
boundary be taken as y times d, and the minimum thickness of
the mortar film between two particles be taken as y times the
size of the particle being placed (Fig. 4), where y is a distribu-
tion factor whose value is dependent on the aggregate volume
fraction.

This distribution factor y plays a significant role in the spa-
tial configuration of the aggregate particles. As a larger value
of y is used, a more uniform spatial distribution of the parti-
cles will be obtained but it could also lead to difficulties in
finding enough space to place the particles. On the other hand,
when a smaller value of y is used, an easier packing of the
particles into the concrete can be obtained but the generated
configuration would be macroscopically less homogeneous. At
the beginning of the placing process, an initial value of y is
chosen depending on the volume fraction of aggregate. When-
ever there are difficulties with placing the particles, the value
of y is reduced and the whole placing process is repeated. If
the same difficulties arise again, the value of y is further re-
duced and so on until all the particles can be placed into the
concrete.

The third condition can be checked concurrently with the
checking of the first two conditions. This can be done when
checking the first condition by enlarging the size of the particle
to (1 4 y) times its size and when checking the second condition
by enlarging the size of the particle being placed by the same
factor.

The whole adopted procedure of the placing process can be
summarised in the following steps:

Step 1. Random numbers defining the position of the aggregate
particle are generated.

Step 2. Checking whether all the placing conditions are com-
pletely satisfied.
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Step 3. If checking of these conditions reveals that any of them
is violated, the particle is not placed into the concrete.
In case the violation is due to the first condition, then
another set of random numbers is generated for x and
an attempt of placing the particle at a new location is
made, whereas in the other case, in which the second
condition is not satisfied, then the translation-rotation
algorithm is followed (see Section 2.1). Using spherical
coordinates (p, 0, ¢) located at the centre of the over-
lapping particle, the new coordinates can be calculated
as

X1 = pcosfsin¢ + xi,
X2 = psinfcos ¢ + x3,
X3 = pcosd + x3, (6)

where the spherical coordinates of the particle may be
obtained as

p=s-—+yr,
0={_m,
¢=<m, @)

where s is the distance between the particles, r is the
radius of the particle, { and ¢ are different random
numbers.

Step 4. If the translated particle cannot satisfy the placing con-
ditions after a prescribed number of trials, new random
numbers are generated for x to make another effort for
placing the particle.

Step 5. If the particle cannot be placed into the concrete spec-
imen after an appropriate number of trials for x, the
whole placing process is stopped and all particles pre-
viously placed into the concrete are cleared. The value
of 7 is then reduced and the whole placing process is
restarted.

Step 6. The steps described above are repeated until all the
particles are successfully placed into the concrete
specimen.

2.2.4. Re-generation algorithm

There are some cases where the minimum value of the dis-
tribution factor is reached but not all the aggregate particles
have been placed into the concrete volume. This usually oc-
curs when bad grading curves are used in the taking pro-
cess. In order to cope with such a difficulty, a re-generation
of the remaining particles is made. In the re-generation pro-
cess, new aggregate particles with smaller sizes are generated
from the remaining particles. These new aggregate particles
must be generated within the grading segment which the re-
maining particles belong to, so the same volume of aggregate
in that segment is obtained. The main reason of re-generating
particles having smaller sizes is to ensure that they are suc-
cessfully packed into the tight spaces left between the placed
particles.

Table 1
Results of aggregate sieve analysis

Aggregate Sieve size Total percentage Total percentage
type (mm) retained (%) passing (%)
1 12.70 0 100
9.50 23 77
4.75 74 26
2.36 100 0
II 19.00 0 100
12.70 3 97
9.50 39 61
4.75 90 10
2.36 98.6 1.4
100
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Fig. 5. Particle size distribution curve.

2.3. Mesostructure models

Here are some geometrical models of random aggregate dis-
tributions generated using sieve analysis data as well as Fuller
curve for aggregate gradation. All generation processes were
run on a standard PC (2.0 GHz, Pentium IV) available in most
academic places. These models will be used later to determine
the concrete effective properties and also to investigate the be-
haviour of concrete at the mesoscopic scale.

2.3.1. Sieve analysis models

Several types of aggregate were selected for use in concrete
mix. The results of aggregate sieve analysis found in Hirsch
[31] are given in Table 1.

Fig. 6 shows some generated mesostructure models of con-
crete for the aggregate grading curve of the aggregate type Il
(Fig. 5). Fig. 6(a) shows a mesostructure of aggregate particles
with 20% volume fraction and 216 aggregate particles. The
value of the distribution factor y is 0.46 and the computing time
for generating the model is approximately 5s. Fig. 6(b) rep-
resents a 30% volume fraction mesostructure with 338 aggre-
gate particles. The evaluated 7y is 0.18 whereas the computing
time for this model is about 920 s. In Figs. 6(c) and (d), higher
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(b)

Fig. 6. Models based on sieve analysis. (a) vp = 20%, y = 0.46, (b)
vp =30%, y=0.18, (c) vp =40%, y=10.02, (d) vp =50%, y=0.02.

values of vy are used in order to generate denser mesostruc-
tures of aggregate particles. In case of 40% volume fraction,
the consuming time for generating and placing 466 aggregate
particles is 1135s with y = 0.02. The re-generation process of
aggregate particles is required for generating the 50% volume
fraction mesostructure where the smallest value of the distri-
bution factor (y = 0.02) is reached and, therefore, the required
computing time increases to 1345s.

2.3.2. Fuller curve models

Aggregate arrangements of the models generated here are
based on Fuller curve using Eq. (1) with n=0.50. The aggregate
sizes used in these models are 2.36—19.0 mm.

In Fig. 7(a) approximately 2.55 s are required for generating
the mesostructure of 405 aggregate particles with y = 0.68.
In the model of 40% volume fraction shown in Fig. 7(b) the
computing time of the generation process increases to 7.14s.
The final value of y required to randomly place 794 aggregate
particles within the specimen of cubical shape is 0.20. Fig. 7(c)
shows a generated mesoscopic model with aggregate volume
fraction of 60%. The model consists of 1794 aggregate particles
which require approximately 10 142 s to be successfully placed
within the cube.

It is to be noted that the generation process of the models
using Fuller curve requires less time compared with the ones
based on the sieve analysis. This is due to the fact that the
aggregate gradation based on Fuller curve gives an optimal
packing of aggregates and, as a consequence, results in a greater
number of aggregate particles with small sizes. Therefore, it is

(a) (b)

Fig. 7. Models based on Fuller curve. (a) vp = 20%, y = 0.68, (b)
vp =40%, 7 =0.20, (c) vp =60%, y=0.02.

rather an easy task for the generation process to place small
aggregate particles within spaces between aggregate particles
of bigger sizes.

3. Micromechanics concepts

Concrete is a quite complicated composite material with a
variety of heterogeneities. Determination of the macroscopic
response of such heterogeneous materials is of a great inter-
est in engineering applications and extensive research has been
made in the last 150 years [32]. The main interest is to compute
a relation between the microscopic deformation and the macro-
scopic mechanical behaviour. A method for obtaining such a
relation is referred to as homogenisation or theory of effective
properties, by which the heterogeneous material is replaced
by an equivalent homogeneous continuum. The method is per-
formed on a statistically representative sample of material, re-
ferred to as a representative volume element (RVE), see e.g.
Aboudi [33], Hill [34] and Zohdi and Wriggers [32].

Early approximations for the effective properties of hetero-
geneous materials were first developed by Voigt [35], Reuss
[36] and Hill [37]. In 1957, Eshelby [38] obtained a relatively
compact solution which has been a basis for many approxi-
mation methods. Based on variational principles, Hashin and
Shtrikman [39] have developed a model which improved so-
lutions of the effective properties. More classical models have
been proposed to estimate the effective properties, including
the self-consistent method, the Mori and Tanaka [40] method
and so on (see [41] for review).
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Unfortunately, most of these analytical models can only
give estimates or bounds for the effective properties, and
the simplifying assumptions used sometimes result in con-
siderable differences in the predictions. Considering that full
experimental characterisation of effective material properties
is not always feasible and also the recent increase in com-
puter power, some numerical simulations have been conducted
using different methods. One of the most efficient numerical
methods is the FEM, whereby the effective responses can be
obtained by volumetrically averaging numerical solutions of
RVEs [32,42].

In the classical approximations of the effective response of
heterogeneous materials the size of the RVE is usually consid-
ered to be infinitely large in comparison to the length scales
of the microstructure. However, only samples with finite sizes
can be practically tested for computing the effective proper-
ties of heterogeneous materials with random microstructures.
Such difficulties and also due to the recent increase in com-
puter power have led to direct numerical simulations wherein
the need for most approximation methods is eliminated. In
these direct methods, such as the FEM, the effective responses
can be obtained by volumetrically averaging the internal fields
over an RVE of the heterogeneous material. In the following,
the fundamental theorems of the computational process will be
illustrated.

3.1. Hill’s energy condition

For a body with perfectly bonded constituents and no body
forces, the Hill’s condition states that

(e)g:{e)o = (e10)0 ®)

which dictates that for a sample to be statistically representative,
it should be large compared to the scales of microstructure, but
is still small compared to the entire body (Fig. 8). For the special
cases of homogeneous strain and stress boundary conditions,
the sample must be large enough for boundary field fluctuations
to be relatively small. Hill’s condition implies that the volume
averaged strain energy density of a heterogeneous material can
be obtained from the average stress and strain, provided that
the micro-macroscales are sufficiently different.

More details and complete derivations of homogenisation
and average theorems can be found in the literature, e.g. Aboudi

[33], Christensen [43], Hashin [44], Nemat-Nasser and Hori
[45] and [42].

3.2. Effective material properties

In order to computationally simulate the effective response
of concrete, three-dimensional samples of different aggregate
distributions and volume fractions are generated. Then, under
a given set of specified boundary loadings applied on these
samples, variational boundary value problems are obtained and
solved using the FEM.

Thus, for determining the effective elastic properties of con-
crete, the constitutive relation between averages is computed.
In a matrix form

(e11)0

(022) 0

(033)0

(e12)0

(23)0

(o31)0
1 Ch C3 Cfy Cis Cigq ( leane
n G G Gy G5 G (€22)0
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51 G5 G5 G5 G55 G5 | | 2esdo
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To solve for all 36 components in the effective elastic tensor
C*, six linearly independent boundary conditions have to be
specified. However, due to the idealisation of the homogenised
behaviour of concrete as being statistically isotropic, only one
loading state is sufficient for describing the overall linear elastic
behaviour. Thus, the effective bulk and shear moduli are given
by

. (tre/3)q " (6)0: (6) o
= d 20" = | —-—, 10
we3o TV @ e (10

where x* is the effective bulk modulus, p* is the effective shear
modulus and ¢ = ¢ — (tre/3)I and € = € — (tre/3)I are the
deviatoric parts of ¢ and €, respectively.

3.3. Testing process

In this section the effective properties of concrete are deter-
mined for the RVEs generated in Section 2. For the numerical
models to be consistent, the results obtained from numerical
simulations are compared with experimental data found in the
literature.

3.3.1. Results of sieve analysis
In the determination of the effective properties the results for
each aggregate type are averaged over 10 tests with the same
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Table 2
Material data of constituents

Material property Mortar material Aggregate material

1 I
E (GPa) 19.0 72.0 62.0
v 0.20 0.20 0.20

Table 3
Elastic modulus of concrete

Aggregate type  Volume fraction (%)  Modulus of elasticity E (GPa)

Numerical  Experimental
I 20 24.233 26.130
30 27.462 30.750
40 31.331 35.300
50 35.774 37.440
I 20 23.634 22.960
30 26.493 27.440
40 29.857 29.720
50 33.455 32.540

aggregate volume fraction but different aggregate distributions.
Uniform displacement boundary conditions of the form

0.001 0.001 0.001
ulr=€’-x with € =|0.001 0.001 0.001 an
0.001 0.001 0.001

are applied at the boundaries of the RVEs. Once the average
stresses and strains are obtained from the direct computational
method using the FEM, the effective properties are computed
using Eq. (10).

Table 2 gives the material data of the mortar and aggregate
materials. Experimental data of elastic modulus of concrete
found in Hirsch [31] and the effective properties of concrete
computed from the numerical simulations are given in Table 3.

In the experimental investigation of Hirsch [31] several types
of aggregates were selected for use in concrete mixes. Various
proportions of these aggregates were mixed with a selected ce-
ment paste in order to observe the effects of their elastic moduli
and of batch proportions on the elastic modulus of concrete.
No attempt was made in this investigation to evaluate the ef-
fects of size, shape, texture and gradation of the aggregates on
the elastic moduli of concrete. The secant moduli of concrete
specimens were determined from stress—strain curves as given
by the slope of a straight line drawn from the point of zero
stress to a stress of 6.9 GPa.

In Fig. 9 it can be seen that the numerical results for the
aggregate type I underestimate the elastic modulus of concrete
with aggregate volume fractions of 20%, 30% and 40%. The
relative error for these volume fractions is 7.26%, 10.69% and
11.24%, respectively. It is obvious that the relative error in-
creases as a function of the aggregate volume fraction. How-
ever, a smaller relative error of value 4.45% is obtained in the
case of the 50% volume fraction. In addition, the solutions
of the finite element analysis are compared with the classical
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Fig. 9. Young’s modulus using aggregate type I.
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Fig. 10. Young’s modulus using aggregate type II.

bounds of Hashin and Shtrikman [39], Hashin and Shtrikman
[46], Reuss [36] and Voigt [35] which give a theoretical range
of the effective elastic modulus of concrete with respect to a
certain volume fraction of the constituents.

A better estimations of the elastic modulus of concrete for
the aggregate type II are shown in Fig. 10. At a volume fraction
of 40% the numerical model leads to identical results of the
experiments. However, the finite element responses for 20% and
40% volume fractions tend to be stiffer than the experimental
ones with a relative error of value 2.9%. It is clearly seen that
these predictions of the elastic modulus of concrete are much
closer than the ones of the aggregate type 1. This is probably
due to the different shapes of aggregates which have angular
shapes in type I while the aggregate type II have rounded ones
just as it has been assumed in the numerical model.

3.3.2. Results of Fuller curve
The same procedure is followed here in computing the ef-
fective modulus of elasticity. Material properties and experi-
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Table 4
Material properties of concrete

Material ~ Material properties Volume fraction Modulus of elasticity
type (%) E (GPa)
E (GPa) y Numerical Experimental
Mortar 11.6 0.20 20 15.760 15.800
40 22150 23.200
Aggregate 74.5 0.20 60 32.058 30.700
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Fig. 11. Young’s modulus based on Fuller curve.

mental data found in Stock et al. [47] are given in Table 4.
In the experimental tests the aggregate sizes of 0.15-19 mm
were used while in the numerical model the smallest aggre-
gate size is 2.36 mm. Different aggregate volume fractions of
values 20-80% were used in the tests to study their effects on
the strength and elastic modulus of concrete. A good aggregate
distribution was achieved by applying a vibration technique in
various positions. Elastic modulus of concrete was measured
on cylindrical specimens of 100 mm in diameter and 300 mm in
length. The modulus of elasticity was determined by the secant
to 33% of the ultimate stress in compression.

Finite element analyses of RVEs based on Fuller curve give
generally good results in comparison with the experimental data
of Stock et al. [47]. Fig. 11 shows that the effective modulus
of elasticity obtained from the numerical model is identical to
the experimental one for aggregate volume fraction of 20%.
For higher volume fractions, the maximum relative error of
the data is approximately 4.5%. Numerical models with 60%
volume fraction have stiffer responses than the ones obtained
from experiments. This is possibly due to the increasing volume
of ITZ as a function of the aggregate volume fraction whereas
it has been excluded in the numerical modelling.

In summary, the results of the finite element analysis are in
a good agreement to the experimental data of Hirsch [31] for
aggregate type II and also to the results obtained by Stock et
al. [47]. In addition, all the computed results of RVEs are com-
pletely within the classical bounds of Hashin and Shtrikman

[39], Hashin and Shtrikman [46], Reuss [36] and Voigt [35]
in spite of the fact that these bounds are usually applicable to
samples of infinitely large sizes. An improvement in predict-
ing the elastic modulus of concrete would probably be reached
with an inclusion of the ITZ in the modelling for high volume
fractions of aggregate. Also, the numerical computations show
a possible influence of the aggregate shape on the overall prop-
erties of concrete. Thus, a three-dimensional simulation of the
aggregate various shapes is unavoidable in future work to see
whether shape variations have any significant effect on the ef-
fective elastic parameters of concrete.

4. Concrete damage

Numerical simulation of the damage and fracture process of
concrete has evolved considerably over the past years. Research
on the fracture of concrete subjected to a variety of external
loadings is very necessary for developing more efficient con-
crete for engineering use. It has been generally accepted that
the deformation of concrete is associated with very compli-
cated progressive failures, as characterised by initiation, propa-
gation and coalescence of microcracks due to its heterogeneity.
In the next section a brief review of models used to simulate
the fracture process in concrete is given. For more details on
the modelling of fracture process in concrete, see e.g. Carpin-
teri and Aliabadi [48], Lemaitre [49], Lemaitre and Sermage
[50], Fanning and Kelly [51] and Rots [52].

In the past classical mathematical models based on elastic-
ity, plasticity and viscoelasticity formulations were used for
describing the nonlinearity of concrete. In the 1970s models
based on nonlinear fracture mechanics and continuum damage
mechanics were developed for simulating the crack propaga-
tion and the degradation of the material stiffness in concrete.
However, these classical models generally neglect the hetero-
geneity of concrete and consider it as a homogenised material.
These kinds of homogenisation are incapable of characterising
the entire fracture process from initialisation, propagation and
coalescence of microcracks to the formation of macrocracks in
concrete. Moreover, these models cannot reflect the random-
ness of concrete mesostructure properties and consequently are
insufficient for developing a comprehensive understanding of
the fracture process of concrete. Therefore, different numerical
models for the simulation of the fracture process in concrete at
the mesoscale have been proposed in recent years. For instance,
Bazant et al. [1] presented a random particle model for fracture
of brittle aggregate composite materials. In this model the ma-
trix material is described by a softening stress—strain relation
corresponding to a prescribed microscopic interparticle fracture
energy. In the lattice model of Schlangen and Garboczi [53]
and Schlangen and van Mier [3] tensile strengths are given to
the lattice elements in order to simulate the fracture mechanism
in heterogeneous materials such as concrete. The lattice model
was extended by Lilliu and van Mier [54] for three-dimensional
analyses. Eckardt et al. [20] described the fracture behaviour of
the aggregates and the matrix using the smeared crack concept
and observed reasonable crack patterns during the simulations.
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4.1. Isotropic damage model

Continuum damage mechanics has been extensively applied
to model the progressive degradation of materials caused by
microcracking [55]. It has been established that the damage me-
chanics approach can accurately model the strain-softening re-
sponse of concrete [56]. These continuum models assume that
the local damage in the material can be averaged and repre-
sented in the form of damage variables which are related to the
tangential stiffness tensor of the material. Krajcinovic [55] as
well as Mazars and Pijaudier-Cabot [56] used a scalar damage
variable to model isotropic damage based on an experimental
stress—strain curve of concrete under uniaxial tension. More in-
formation about continuum damage models can be found for
instance in Mazars and Pijaudier-Cabot [57] and Peerlings [58].
In this work, the scalar damage model of Mazars [59] is used
in modelling the mechanical behaviour of concrete due to its
simplicity.

4.1.1. Constitutive law

In this model the stiffness degradation of the material is
simply assumed to be isotropic. Consequently, the stress—strain
law of elastodamaging materials takes the form

6= (1 — D)Ce, (12)

where the damage scalar D ranges from 0 for the undamaged
material to 1 for completely damaged material. The elastic en-
ergy per unit mass of material is

pY = 1(1 — D)eCe (13)

which is assumed to be the state potential. The damage energy
release rate is

¥
oD~ 2

eCe 14)

with the rate of dissipated energy

. oy .

=—p—D. 15
¢==rz5 (15)
Since the dissipation of energy ought to be positive or zero, the
damage rate is constrained to the same inequality because the
damage energy release rate is always positive.

4.1.2. Evolution of damage

The evolution of damage is based on the amount of extension
that the material is experiencing during the mechanical loading.
It is assumed that the damage to be governed by the equivalent
strain defined as

é(e) =

3
D)% (16)
i=1

where (-), is the Macauley bracket and ¢; are the principal
strains. The loading function of damage is

fE K)=€—K, 17

where « is threshold of damage growth. Initially, its value is
Ko, which can be related to the peak stress f; of the material in
uniaxial tension

_
=&

In the course of loading x assumes the maximum value of the
equivalent strain ever reached during the loading history.

Ko

18

If f(6,k)=0 and f(E, k) =0, then (19)
{ D =~g(;c) with D >0 else { D =0, (20)
K=¢€ K= 0

Due to the difference of mechanical responses of concrete in
tension and compression, the damage variable is split into two
parts

D = oDy + aeDe, 21

where D; and D, are the damage variables in tension and com-
pression, respectively. They are combined with the weighting
coefficients o; and o, defined as functions of the principal val-
ues of the strains ¢, and ¢, due to positive and negative stresses

e=(1—-D)C s, e=(1-DC o (22)
The weights o and o, are defined by the following expressions:

3 NP 3 _ B
o = Z <<€ti~>2(€l)> , U= Z (LC%)Z(EC)) . (23)
i=1 g

i=1 €

In uniaxial tension o4 = 1 and o = 0. In uniaxial compression
o =1 and o; =0. Hence, D; and D, can be obtained separately
from uniaxial tests.

The evolution of damage is provided in an integrated form,
as function of the variable «

thl_KO(l—At)_ Ay ’
x explB(k — K0)]
- A A
De—1- 004 ¢ . (24)
K exp[Bc(k — ko)l

4.1.3. Identification of parameters

There are eight model parameters. Young’s modulus and
Poisson’s ratio are measured from a uniaxial compression test.
A direct tensile test or three-point bend test can provide the dam-
age parameters in tension (ko, A, By). The parameters (A, Bc)
are fitted from the response of the material to uniaxial com-
pression. Finally, f should be fitted from the response of the
material to shear and usually its value is f=1. Table 5 presents
the standard intervals for the model parameters in the case of
concrete [49].

4.1.4. Numerical example

In this example the isotropic damage model is implemented
in the finite element code FEAP. This material model is only
applied to the mortar matrix whereas the aggregates are as-
sumed to behave linearly elastic. Fig. 12(a) shows the geo-
metrical configuration of the aggregates within the specimen.
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Table 5
Standard model parameters

Parameters of isotropic damage model

Ko~ 1 x 1074
0.7<A<1.2
104 < B <5 x 104
1<A<LS

103 < B <2 x 103
1.0 f<1.05

(a)

Fig. 12. Concrete specimen. (a) Geometrical configuration (v, =40% and 181
particles). (b) Finite element mesh (139902 nodes and 773405 elements).

Table 6
Material parameters of constituents

Mortar Aggregates

E =20000N/mm? E = 60000 N/mm?
v=0.20 v=0.22

Ko =1.0x 1074 -

Ar=12 -

Bi=15x 104 -

Ac=1.0 -

Be = 1.555 x 103 -

B=1.0 -

In this model only 40% of aggregate volume fraction is used
in order to reduce the number of degrees of freedom (see Fig.
12(b)). In order to evaluate the validity of the numerical mod-
elling, the results obtained from the finite element computations
are compared with the experimental results of Cordes [60]. In
Table 6 are given the material parameters of the concrete con-
stituents used in the computations. The compressive loading is
controlled by displacement to simulate the nonlinear material
response of concrete in the softening regime.

Fig. 13 shows the stress—strain behaviour and damage evo-
lution response of the simulated uniaxial compression test as
well as the experimental data under compressive loading. It can
be seen in Fig. 13 that the numerically predicted response of
€ — o is in reasonably good accordance with the experimen-
tal results introduced in Cordes [60]. However, the numerical
model overestimates the mechanical behaviour of concrete in
the prepeak region. This disagreement might possibly be due
to the fact that the ITZs have not been included in the numer-
ical model. Experimental studies have shown that the ITZ has

35 T T T T

numerical
experimental

30 b

25

20

Stress (MPa)

0 n n n n
0 0.1 0.2 0.3 0.4 0.5

Strain (%)

Fig. 13. Stress—strain behaviour under uniaxial compression.

(c) @

Fig. 14. Distribution of the damage parameter D. (a) u33 = 32.90 um; (b)
u33=>54.83 pm; (c) #33=120.63 pm; (d) u33=142.57 pm; (e) u33=175.47 pm
and (f) u33 =230.30 um.

a significant effect on the bulk characteristics of concrete and,
therefore, must be considered as a separate phase in the me-
chanical analysis of concrete.
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It is also to be noted in the lower half of the softening regime
that the mechanical response predicted by the numerical model
tends to be slightly more brittle than in the experimental result.
Such a disparity might be due to the strain localisation which
is usually inherent to the local formulation of the isotropic
damage model. Thus, nonlocal damage approaches should be
used in future computations in order to limit strain localisa-
tion and to circumvent mesh sensitivity associated with strain
softening.

The distribution of the damage parameter at several loading
steps is shown in Fig. 14 It can be seen that the damage oc-
curs in the mortar material around the aggregate particles. The
coalescence of the damaged areas, which finally results in the
failure of the material, is also to be clearly observed within the
mortar matrix.

5. Conclusions

In this work the random aggregate structure of the concrete
material at the mesoscopic level is generated. A new algorithm
for generating realistic concrete models of high aggregate vol-
ume fractions is proposed. In this algorithm the intersecting
particles are translated and then randomly rotated until a free
position satisfying the placing requirements is found. The pro-
posed algorithm shows that fast and good results can be ob-
tained in generating numerical concrete models comparable to
the ones in real concrete. In the case of high volume fractions
of aggregate particles, there usually occur some difficulties in
placing all the generated particles into the concrete volume.
Therefore, a re-generation algorithm of the remaining particles
is adopted.

The generated mesostructure models are then meshed using
the aligned approach in which the finite element boundaries are
coincident with materials interfaces and therefore there are no
material discontinuities within the elements.

In the direct computation of the concrete effective proper-
ties the FEM is used. The results obtained from the numerical
simulations are then compared with experimental data found
in the literature. In general, the results of the finite element
computations show a good agreement to the experimental data.
Three-dimensional simulations of the aggregate shapes will be
also unavoidable to study their effects on the effective elastic
parameters of concrete.

In the numerical simulations of the damage and fracture pro-
cess of concrete an isotropic damage model is applied in the
numerical simulation of the mechanical behaviour of concrete
under uniaxial compressive loading. In general, the numerically
predicted response shows reasonably a good agreement with
the experimental data. Nevertheless, interface elements with
nonlinear material behaviour have to be included in the numer-
ical model between the mortar and the aggregates to simulate
the effect of the ITZ on the overall behaviour of concrete, see
e.g. [61]. In addition, nonlocal damage formulations should be
used in future work to cope with mesh sensitivity problems as-
sociated with strain softening.
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